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Abstract 
 
A dark Friedman-Robertson-Walker fluid governed by a non-linear inhomogeneous equation of state 
is considered which can be viewed as a conveniently simple paradigm for a whole class of models which 
exhibit phase transitions from a non-phantom towards a phantom era (superacceleration transition). From 
another side, such dark fluid models may describe also quintessence-like cosmic acceleration. 
Thermodynamical considerations for the processes involved, which are of great importance in the 
characterization of the global evolution of the corresponding universe, are given too. Connecting the 
proposed equation of state with an anisotropic Kasner universe with viscosity, we are led to the plausible 
conjecture of a dark fluid origin of the anisotropies in the early universe. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1. Introduction 
 
 There is a lot of interest in the study of the nature of dark energy (for a review, see [1]), responsible 
for the acceleration of the cosmic expansion, which was initiated not far in the past and which is expected 
to continue to late times. Among the different possible models that have been considered in the literature, 
one that has a good probability to reflect (or at least to conveniently parameterize) what may be going on 
there, is a model in which dark energy is described by some rather complicated ideal fluid with an 
unusual equation of state (EoS).  Very general dark fluid models can be described by means of an 
inhomogeneous equation of state [2]. Some particular examples of such kind of equations have been 
considered in Refs. [3]-[9], also including in some cases observational consequences of the corresponding 
generalized dark fluids [10]. Moreover, a dark energy fluid obeying a time-dependent equation of state 
[4,7] may be also successfully used with the purpose to mimic the classical string landscape picture [11], 
what is very interesting in order to establish a connection with a different fundamental approach. And, 
even more, it is known as well that a dark fluid satisfying a time-dependent equation of state can rather 
naturally lead to a phantom era [12], where the phantom field is able to mimic some features of the 
underlying quantum field theory [13]. 
In this paper we will investigate a specific model for a dark fluid with a non-linear equation of state, 
which seems to be particularly natural and exhibits quite nice properties. In this sense it can be considered 
as a conveniently simple paradigm for that class of models. We start by considering, in Sect. 2, an 
inhomogeneous equation of state for the universe and find its solutions in terms of the Hubble constant 
and the scale factor, investigating the transitions from the non-phantom to the phantom era, in particular a 
transition towards superacceleration, that is, the case when the third derivative of the scale factor is also 
positive. Thermodynamical considerations for the processes involved ---which are of great importance for 
the characterization of the global evolution of our universe--- are provided in Sect. 3. In Sect. 4 (which is 
not directly related to the previous sections) we provide a connection of a specific class of the models in 
this paper with the Kasner metric, as applied to a viscous cosmic fluid. Finally, the last section is devoted 
to a summary and conclusions.   
 
 
2. Inhomogeneous equation of state for the universe and its solution 
 
We assume that our universe can be conveniently described by a field giving rise to an ideal fluid 
(dark energy) which obeys a non-linear inhomogeneous equation of state depending on time: 
 
),()()( tftwp Λ++= ρρ       (1) 
 
where   and  depend on  time, t , and where )(tw )(tΛ )(ρf  is an arbitrary function, in the general case. 
This equation of state, for the case when 0)( =Λ t , was examined in Refs. [2,4,7] for different  functions 
 and .  Generally speaking, an effective equation of state of this class is typical in modified 
gravity (see [14] for a review). 
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Let us write down the energy conservation law, which is 
 
0)(3 =++ pH ρρ&       (2) 
 
and the corresponding FRW equation for a spatially flat FRW universe, namely 
 
.3 22 ρχ =H       (3) 
 
Using Eqs. (1) and (3), we get 
 [ ] ,0)()()1)((3 2/1 =Λ++++ tftw ρρχρρ&    (4) 
 
where ρ  is the energy density, p the pressure, 
a
aH
&=  the Hubble parameter,  the scale factor of 
the three-dimensional flat Friedman universe, and 
)(ta
χ  the gravitational constant. It is known that, with 
quite good precision, an ideal fluid model with an inhomogeneous equation of state can satisfy the very 
recent observational data [10].    
 
         In papers [4,5] a model was considered in which both the functions  and  were periodic. )(tw )(tΛ
We assume here, for simplicity, that the function 0)( =Λ t  and choose the parameter  to be linearly 
depended of time, that is, 
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(what is a very reasonable choice in view of the latest observational proposals at a determination of the 
evolution of  the effective equation of state parameter), while for the function )(ρf  we choose it (as in 
Ref.  [9]) to be: ,  where  αρρ ⋅= Af )( α,A  are constants.  Then,  Eq.  (4) acquires the following form 
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         We shall investigate, for further simplicity, the case when 
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1=α . The solution of Eq. (5) looks as 
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and the Hubble parameter is 
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where  is an integration constant. It is quite clear that for some specific values of parameters where the 
effective equation of state parameter is around -1, the Friedman universe expands with acceleration.  
S
The time derivative of  becomes )(tH
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This time derivative is equal to zero when 
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If ,  and , then   that is, the universe is accelerating, and if , one 
gets , and correspondingly a decelerating universe. There is here a transition from a phantom 
epoch to a non-phantom one. Indeed, at the moment when the universe passes from the phantom to the 
non-phantom era, the Hubble parameter is equal to 
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In the phantom phase, 0>ρ& , the energy density grows and the Universe is expanding. In the non-
phantom phase, 0<ρ&  and the energy density decreases. 
      If , then  and +∞→t )(tH 0)( →tρ , so that the phantom energy decreases. The cosmology 
singularity does not appear in this case. A plot of the function H  versus time  is shown in Fig. 1: t
 
 
 
 
 
Fig. 1. The Hubble parameter  H as a function of time, for the case . 01 >a
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and the scale factor in this case, with , takes the following form 01 >a
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Let us assume now, as a second case, that 01 =a . Then, the equation of state acquires the form 
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The Hubble's parameter is 
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When  
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+= χ  a future cosmological singularities appear [12]. Note that such singularities 
can be of very different types [15]. The scale factor is given by the expression 
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The derivative of the scale factor is 
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       Provided  and , for values of 0>A 1−>b 2tt < it turns out that the first and the second derivatives 
of the scale factor are both positive (i.e., the universe expands with acceleration), while for the first 
derivative is positive but the second derivative is negative (in this case it is still expanding but the 
expansion is decelerated). This is a very interesting transition. 
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A more detailed analysis can be carried out that involves the third time-derivative of the scale 
factor. This is given by the following, rather involved expression 
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A positive (resp. negative) third derivative signalizes the rate at which (super)acceleration takes place. In 
an expanding universe with an accelerated expansion (as is the case of our own, at present), a positive 
value of the third derivative will clearly point towards a superacceleration (phantom) phase. In our model, 
a cumbersome but rather straigthforward calculation leads to the conclusion that this is actually the case. 
The situation is rather remarkable: it turns out that for 21 ttt <<  the universe suffers a (super)accelerated 
expansion with a positive acceleration rate (positive third derivative), while for  its expansion is not 
only decelerating, but the deceleration rate diminishes too. For earlier times, , the universe 
expansion is accelerating with a diminishing rate, before going through the first transition at 
2tt >
1tt <
1tt = . This 
is summarized in Table 1. Hence, within this so simple model, the (super)acceleration regime may well 
describe the currently observable universe. 
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Table. 1. Complete description of the evolutionary transitions according to the values of the 
scale factor  and its first, second and third derivatives, which characterize two types of  )(ta
accelerating (for ) and one of decelerating (for 0)( >ta&& 0)( <ta&& ) expansions of the universe. 
 
 
Let us finally consider the case of the non-linear inhomogeneous equation of state dctt +=Λ )( , 
where  are arbitrary constants. The equation of motion is dc,
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and the solutions look like 
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The Hubble's parameter is given by the expression 
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At , where  is  the solution of the equation 2tt = 2t )(1)( DtCeBterf
+−= , a future cosmological 
singularity occurs. There, the energy density and the Hubble parameter simultaneously approach infinity. 
This is depicted in Fig. 2. Hence, such a model actually describes a phantom era. 
   
 
 
 
Fig. 2. The future cosmological singularity which appears at 2tt = , where both 
 the energy density and the Hubble parameter simultaneously tend to infinity. 
 
       This finishes the investigation of the different acceleration regimes one can get from the postulated 
non-linear inhomogeneous EoS ideal fluid. 
 
 
 
 
3. Some thermodynamical considerations. 
 
     We will consider in this section the main thermodynamical relation: 
 
AdETdS δ+= .     (23) 
 
For the simple system, pdVA =δ , then: 
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As before, we consider the particular equation of state with 0)( =Λ t . Then, the entropy multiplied by the 
temperature is equal to 
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If  and , then , the temperature and the entropy have the same sign. (Note that in 
the phantom era it often happens that the entropy is negative [3]). Similar considerations can be extensible 
to other kind of specific ideal fluids. 
0>A 1−>b 0>TdS
 
 
 
4. The Kasner universe as a model 
 
Given the expression (1) as a fundamental ansatz of our paper, it would seem physically desirable 
to connect this relation to the equation of state as derived from a specific universe model (in other words, 
some physical motivation for a specific EoS might be required). As we shall see, some insight in this 
direction can be obtained by drawing into consideration the Kasner universe as an example. Note that this 
may seem to be quite disconnected from the previous material, but the relation will be much more clear at 
the end. Crucial in this context is the fact that the Kasner metric ---known in general to possess anisotropy 
properties--- is to be applied to a cosmic fluid which is viscous. From ordinary fluid mechanics we know 
that the shear viscosity η comes into play whenever there are fluid sheets sliding with respect to each 
other. In connection with the Kasner metric, the occurrence of a shear viscosity thus appears to be most 
natural. Moreover we shall, to begin with, assume that there is also a bulk viscosity, ζ, present. Bulk 
viscosity is a concept that is compatible with the cosmic fluid being spatially isotropic. Our exposition 
follows the lines presented earlier in [3] and [18].  
 
The Kasner metric is of the form  
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where the numbers 1 2, ,p p p  are constants. Let us define two new numbers S and Q by  
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In a vacuum, 
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The (00)-component of Einstein’s equation yields, with 2 8 Gχ π= ,      
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Here, both viscosity coefficients appear. This kind of formalism means physically that we work to first 
order in the deviation from thermodynamic equilibrium.  
 
Let us now recall the usual kind of reasoning: one assumes that the viscosity coefficients η and ζ 
are given. Then, the single equation (32), plus the three equations (33), together with the extra equation of 
state, gives in all five equations. These are enough to determine the five unknowns ( 1 2 3, , , ,p p p pρ ). As 
shown in [18], one can write the time dependences as  
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where ( 0 0 0 0, , ,pρ η ς ) are constants. This means that 0t =  is taken as the initial singular point.  
 
It is however possible to argue in a different way. Assume that the Kasner parameters 
( 1 2 3, ,p p p ) are given initially. This means that  and Q  are known. We require now that the shear 
viscosity 
S
η  is such that it satisfies the equation  
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We have then three equations at our disposal: equation (32) as before, equations (33) which now reduce 
to one single equation,  
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and equation (35). These are sufficient to determine the three unknowns ( , , )pρ η . The bulk viscosity  ς  
is uninfluenced by this procedure, and is merely an arbitrary input parameter.  
 
From equation (35), we eliminate :  t
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where the scaling (34) has been used. This equation can be looked upon as some form of equation of 
state. It is not imposed from outside, however, but is a consequence of Einstein’s equations, together with 
the condition (35).  
 
Eq. (38) is actually of the same inhomogeneous form as in the recent work [7]. It corresponds to a 
maximally stiff (Zeldovich) fluid in the sense that the velocity of sound is equal to . Usually, when the 
shear viscosity is small,  
c
2
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one has 0p 0ρ>  so that the dominant energy condition is broken.  
 
But if 2 02χ η  is large, it is possible to be in the phantom region where 0p 0ρ< − . Moreover, it 
seems convenient to set the bulk viscosity ς  equal to zero (this is also motivated by the fact that in 
conformal field theories, one must have 0ς = in order to satisfy the traceless condition on the energy- 
momentum tensor). Then, the equation of state simply becomes 
20
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When the equation is written in terms of time-dependent quantities, 
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we see that it has actually the same form as expression (1), with 
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The only physical restriction here, as following from the second law of thermodynamics, is that 0η  must 
be positive or zero. In this way, we see that the Kasner universe provides a physical link for our 
fundamental ansatz (1). There appears some interesting possibility here, which will be discussed in more 
detail elsewhere, that the dark energy fluid EoS be related with anisotropies in the early time universe. 
 
 
5.  Summary and conclusions 
 
We can summarize the results obtained above for the model we have considered here by means of 
Table 1, corresponding to the equation of state under study, namely 2
1
ρρ Abp += , with 
χ3
20 << A and 1−>b . We have been able to give a complete description of the evolutionary 
transitions according to the values of the scale factor  and its first, second and third derivatives, 
which characterize different types of accelerating (for ) and decelerating (for 
)(ta
0)( >ta&& 0)( <ta&& )  
expansions of the universe (only the case with  was considered). Accordingly, we could 
distinguish three regions where the behavior is different, two of them corresponding to accelerated 
expansion, where the rate of acceleration decreases for primordial times (normal acceleration) and then, 
after the corresponding transitions, starts to increase (supperaccelerating case), and a third region (after 
the singularity), where we still have expansion but with deceleration with a negative rate. It is intriguing 
that such a simple model could give rise to such different behaviors. Adding a cosmological constant like 
term to the equation of state led us to the conclusion that at some 
0)( >ta&
2tt = a future singularity forms, in the 
sense that the energy density and the Hubble parameter simultaneously approach infinity at this value. 
Some thermodynamical considerations have also been given. To be remarked is the fact that not so many 
ingredients go into this simple model, however, the results are quite promising, surely based in its non-
linearity. 
Here a remark is in order. We have considered  a pure dark energy model. However, it is easy to 
introduce into our considerations usual matter; in that case, one can assume that dark energy appears 
suddenly at some point at the end of the deceleration phase. And under these conditions, before the dark 
energy epoch a matter dominated phase may be easily constructed. It is not difficult to study such a model 
analytically, the difference being that the equation of state consists of several components: dark matter, 
usual matter, and dark energy (of the type we have considered).  
It was really challenging to try to derive a phenomenological model of this sort directly from a 
fundamental theory. A first approach towards this goal was given in Sect. 4 of this paper, where the class 
of models here considered could indeed be connected with the equation of state as derived from a specific 
universe model, namely the well known anisotropic Kasner universe, with viscosity, that was there seen 
to provide a physical link for our starting ansatz (1).  
Still, it would be interesting to consider the reconstruction method [16] for this dark fluid and to 
represent the reconstructed model in terms of the scalar-tensor theory potentials [17], a quite well 
established procedure nowadays. We hope to be able to carry out this program in a subsequent 
publication. 
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